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ABSTRACT

As satellite high-frequency passive microwave data have recently become available, there is an increasing
demand for an accurate and computationally efficient method to calculate the single scattering properties of
nonspherical ice particles, so that it may be used in radiative transfer models for physical retrievals of ice water
path and snowfall rate. In this study, two such approximations are presented for calculating the single scattering
properties of three types of large ice particles: bullet rosettes, sector snowflakes, and dendrite snowflakes, for
the frequency range of 85 to 220 GHz, based on results of discrete-dipole approximation (DDA) modeling. By
analyzing the DDA modeling results, it is noted that, for nonspherical ice particles, the scattering and absorption
cross sections and the asymmetry parameter have a magnitude between those of the two imaginary equal-mass
spheres. One is a solid sphere, and the other is an ice–air mixed soft sphere whose diameter equals the particle’s
maximum dimension. Therefore, the first approximation involves substituting the single scattering properties of
a nonspherical ice particle with those of an equal-mass sphere, which can be calculated by Lorenz–Mie theory,
with an effective dielectric constant derived by mixing ice and air using the Maxwell–Garnett formula. The
diameter of such an equal-mass sphere D is bigger than the diameter of the solid sphere D0, but smaller than
the particle’s maximum dimension Dmax. Defining a softness parameter SP 5 (D 2 D0)/(Dmax 2 D0), it is found
that the best-fit equal-mass sphere has an SP value of 0.2 ; 0.5 for calculating the volume scattering coefficient,
depending on frequency and particle shape. At 150 GHz, the best-fit softness parameter is found to be ;1/3
when averaging over all particle shapes. For calculating the asymmetry parameter, the DDA model results show
that the best-fit softness parameter is close to 0 (i.e., the same as the solid sphere) for frequencies higher than
150 GHz, while it is about 0.3 for 85.5 GHz. The second approximation presented is a polynomial fit to the
scattering and absorption cross sections and the asymmetry parameter using the particle size parameter as an
independent variable. For the scattering cross section, three fitting curves are derived for, respectively, rosettes,
sector snowflakes, and dendrite snowflakes. For the absorption cross section, a single curve is used to fit all
particle shapes. For the asymmetry parameter, two curves are derived, one for rosettes and one for snowflakes.
The best-fit softness parameter for three particular frequencies (85.5, 150, and 220 GHz) and for three particle
shapes in the first approximation, as well as the coefficients of the polynomial fit in the second approximation,
are presented. After implementing these approximations in a radiative transfer model, radiative transfer simu-
lations are carried out for a snowfall and an ice cloud case. The simulated brightness temperatures based on
the two approximations agree with each other within 3 K, but are significantly different from those based on
the solid- and the soft-sphere approximations.

1. Introduction

At frequencies higher than 80 GHz, scattering by
cloud ice and snow particles becomes strong enough to
be detected by spaceborne microwave radiometers. The
scattering signatures have been utilized by several in-
vestigators to retrieve ice water path (Evans et al. 1998;
Deeter and Evans 2000; Liu and Curry 2000; Weng and
Grody 2000; Wang et al. 2001) and snowfall (Liu and
Curry 1997; Katsumata et al. 2000). An essential re-
quirement for developing a physically based retrieval
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algorithm is that the single scattering properties of the
ice and snow particles (such as the particle’s scattering
and absorption coefficients and the scattering phase
function) can be correctly calculated in the radiative
transfer model. Due to the particles’ nonspherical
shapes, the modeling of the single scattering properties
of the ice and snow particles has always been a difficult
task. For the high microwave frequencies, two general
approaches have so far been used. One is to treat the
ice particles as objects with certain known shapes, such
as columns, plates, rosettes, etc., and calculate their sin-
gle scattering properties using techniques applicable to
these shapes (e.g., Evans and Stephens 1995; O’Brien
and Goedecke 1988). The second approach is to ap-
proximate the single scattering properties of a non-
spherical ice particle by those of an imaginary sphere
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having the same mass, so that Lorenz–Mie theory may
be applied. The imaginary sphere used so far is either
a solid sphere with a smaller diameter than the ice par-
ticle’s maximum dimension (Liu and Curry 2000; Evans
et al. 2002, hereafter referred to as the solid-sphere ap-
proximation) or a low-density sphere with a diameter
of the particle’s maximum dimension, but with a reduced
effective dielectric constant (Schols et al. 1999; Ben-
nartz and Petty 2001; Zhao and Weng 2002), which is
derived by mixing solid ice and air following a certain
mixing formula (hereafter referred to as the soft-sphere
approximation).

Neither approach is satisfactory for the purpose of
developing a physically based algorithm to retrieve ice
water path and snowfall rate. Although the first approach
can accurately evaluate the radiative properties for given
crystal shapes, the method is impractical because it is
computationally intensive. The second approach is com-
putationally efficient, but the validity of the approxi-
mation is unproven. As shown later in this study, single
scattering properties differ significantly depending on
whether a solid sphere or a low-density sphere is as-
sumed, particularly for those particles with large max-
imum dimension and low density, such as snowflakes.
Recognizing these problems, the goal of this study is
to find a both accurate and computationally efficient
method of calculating the single scattering properties of
cloud ice and snow particles at high microwave fre-
quencies. Since microwave radiation is sensitive only
to large ice particles, the focus of the study will be on
aggregates and snowflakes, which dominate the larger
end of the size spectrum (Heymsfield et al. 2002b).

The following steps are taken to achieve the desired
goal. First, we investigate how the numerically simu-
lated single scattering properties differ when using a
rigorous technique suitable for nonspherical particles as
opposed to using simple Lorenz–Mie theory for imag-
inary equal-mass spheres. There are several published
methods for calculating the scattering by nonspherical
particles (Mishchenko et al. 2000), such as the T-matrix
method (Mishchenko et al. 1996), the finite difference
time domain method (Yang and Liou 1996, 1998), and
the discrete-dipole approximation (DDA) method (Drai-
ne and Flatau 2000). The DDA model developed by
Draine and Flatau (2000) is used in this study. The
greatest advantage of the DDA method is its applica-
bility to arbitrarily shaped particles, which enables us
to study the scattering by ice particles with complicated
shapes, such as dendrites. Based on the results of the
model simulations, we then formulate two computa-
tionally efficient parameterizations, by which the ice
particles’ single scattering properties can be accurately
computed.

High-frequency microwave data are available from
several satellite and airborne sensors. The Special Sen-
sor Microwave Water Vapor Sounder (SSM/T-2) and
Advanced Microwave Sounding Unit—B (AMSU-B)
possess channels ranging from 89 to 183 6 7 GHz. The

airborne Millimeter Wave Imaging Radiometer (Racette
et al. 1996) has channels from 89 to 340 GHz. Addi-
tionally, channels ranging from 19 to 183 6 7 GHz are
available on Special Sensor Microwave Imager–Sound-
er (SSMIS). Ice scattering signatures from these instru-
ments have been used for deriving ice water path and
snowfall (Vivekanandan et al. 1991; Deeter and Evans
2000; Liu and Curry 2000; Weng and Grody 2000;
Wang et al. 2001). In this study we investigate the ra-
diative properties of ice crystals and snowflakes at these
frequencies.

In section 2, we briefly describe the DDA model, the
ice particles and snowflakes designed for the DDA mod-
el simulations, and the single scattering properties sim-
ulated by the DDA model. An equal-mass sphere ap-
proximation is proposed in section 3, and a polynomial
fit approximation is introduced in section 4. Radiative
transfer modeling based on the two approximations are
carried out in section 5. Finally, the results are sum-
marized in section 6.

2. Modeling the single scattering properties of ice
and snow particles

a. The discrete-dipole approximation

The DDA model developed by Draine and Flatau
(2000) is used to compute the single scattering param-
eters of the ice and snow particles. The DDA is a general
method for computing the scattering and absorption by
a particle of arbitrary shape (Purcell and Pennypacker
1973), and has been used by many researchers for study-
ing the scattering by interstellar grains and ice particles
(e.g., Draine 1988; Evan and Stephens 1995). Simply
stated, the DDA is an approximation of the continuum
target by a finite array of polarizable points. The points
acquire dipole moments in response to the local electric
field. The dipoles also interact with one another via their
electric fields. The principal advantage of the DDA is
that it is flexible regarding the geometry of the target.
The limitation is that the interdipole spacing must be
sufficiently small compared to the wavelength in order
to obtain desired accuracy, which requires large com-
puter memory and long computation time for large par-
ticles.

The implementation of the Draine and Flatau DDA
model approximates the targets by an array of polar-
izable points that are located on a cubic lattice (Draine
1988). The lattice spacing d should satisfy the criterion:
| m | kd , 0.5 (Draine and Flatau 2000), where m is the
complex refractive index of the target material, k 5
2p/l is the angular wavenumber, and l is the wave-
length. We use a variable d for different particle sizes
in this study, while ensuring the above criterion being
always met. Assuming the polarizability and the dipole
moment for the jth dipole are a j and P j, respectively,
the DDA model seeks to find the solution for a self-
consistent set of dipole moments; that is,
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P 5 a E 2 A P , (1)Oj j inc, j j i i1 2j±i

where Einc,j is the electric field at the position j due to
the incident plane wave, and 2A jiPi is the contribution
to the electric field at the position j due to the dipole
at position i. The A ji can be expressed by a function of
angular wavenumber k and the relative position of the
dipoles j and i. The mathematical expression of A ji can
be found in Draine and Flatau (1994). Defining Aij 5

reduces the scattering problem to finding the dipole21a j

moments P j that satisfy a system of complex linear equa-
tions:

N

A P 5 E , (2)O j i i inc, j
i51

where N is the total number of dipoles. Once (2) has
been solved for the unknown dipole moment P j, the
single scattering parameters including the scattering and
absorption cross sections Cext and Cabs, the asymmetry
parameter, and the phase matrix of scattering may be
evaluated according to Draine (1988).

One of the major differences among different imple-
mentations of the DDA is how to prescribe the polar-
izability [a j in (1)] of the point dipoles used to represent
the target. Draine and Goodman (1993) chose the dipole
polarizability based on a lattice dispersion relation so
that an infinite lattice with finite spacing will mimic a
continuum with the specified dielectric constant func-
tion. They compared this prescription with several other
choices of the dipole polarizability published in the lit-
erature, and showed that the most accurate results are
obtained when the lattice dispersion relation is used to
set the polarizabilities. In this study, we use the Draine
and Goodman (1993) relation to evaluate polarizability,
although the Draine and Flatau (2000) DDA model al-
lows the choice of several other options. A validation
by comparing DDA with Lorenz–Mie results for spheres
has been done. It is found that the scattering cross sec-
tions from the two methods agree with each other within
1%, and the phase functions from the two methods are
almost identical, for | m | kd , 0.45 at 150 GHz. A more
detailed validation may be found in Draine and Flatau
(1994).

b. Cloud ice particles and snowflakes

Due to the long wavelength of microwave radiation,
only scattering signals from large ice particles are strong
enough to be detected by a microwave sensor. For this
reason, our main focus will be on the larger end of the
ice particle size spectrum, specifically, rosettes and
snowflakes. As pointed by Heymsfield et al. (2002b),
in the midlatitude anvils formed by strong convection
and even in deep, synoptically generated cirrus, aggre-
gates dominate the larger end of the size spectrum (Ka-
jikawa and Heymsfield 1989). Tropical-anvil ice particle

data collected from field experiments have indicated that
planar crystals and aggregates are prevalent in anvils.
Additionally, Heymsfield et al. (2002b) indicated that
particle habits above about 100 mm consisted almost
exclusively of rosettes and aggregates of rosettes for a
case conducted in Oklahoma. Therefore, we will use
rosettes (three to six bullets) to represent ice particles
in clouds. For snowflakes, a sector- and a dendrite-type
particle are used as described below.

In deriving the single scattering properties, both ro-
settes and snowflakes are assumed to be randomly ori-
ented in space. The orientational average of a quantity
Q can be calculated by (Draine and Flatau 2000)

2p 1 2p1
^Q& 5 db d cosu dwQ(b, u, w), (3)E E E28p 0 21 0

where b, u, and w are the three angles to describe the
orientation of the ice particle in the Draine and Flatau
DDA model. All DDA model-calculated quantities pre-
sented in the following sections are orientationally av-
eraged, although we will not put the bracket ‘‘^ &’’
around them for simplicity.

1) ROSETTES

Rosettes are represented by aggregates of hexagonal
columns connected at the center. For this study, we con-
struct rosettes with three to six bullets. The three- and
four-bullet rosettes consist of three and four coplanar
columns that display a ‘‘⊥’’ and a ‘‘1’’ shape, respec-
tively. The five- or six-bullet rosette is constructed by
adding one or two columns to a four-bullet rosette in
the direction perpendicular to the other four bullets. Col-
umns that make up the same rosette have the same length
and aspect ratio. But the aspect ratios for rosettes with
a different number of bullets are different depending on
the area ratio–maximum dimension relations given be-
low. To determine the aspect ratio of the columns, we
use a relationship between the maximum dimension Dmax

and the area ratio Ar derived by Heymsfield and Mil-
oshevich (2003):

bA 5 aD ,r max (4)

where a 5 0.125 and b 5 20.351 (in cgs units), which
are the values determined for rosettes based on Cloud
Particle Imager (CPI) measurements. Ratio Ar is the
projected area of an ice particle normalized by the area
of a circle with diameter Dmax. By letting (4) hold while
Dmax varies, the aspect ratio of the columns can be de-
termined. In Fig. 1a, the images of the three-, four-,
five-, and six-bullet rosettes for Dmax 5 1000 mm are
shown, with the small circles indicating the individual
dipoles.

2) SNOWFLAKES

Two types of snowflakes are considered. The first type
(type A) is a sectorlike particle, represented by three
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FIG. 1. Shapes of (a) rosettes, (b) type-A snowflakes, and (c) type-
B snowflakes used in the DDA model simulations. Note the scales
in (b) are not the same for particles with different sizes for viewing
purposes (condensed for larger particles).

identical ellipsoids that share the same center, and whose
longest axes are orientated 608 apart. Given the maxi-
mum dimension of a snowflake Dmax, the diameters of
an ellipsoid in the other two dimensions are determined
by the following relations (cgs units):

20.377A 5 0.261D , and (5a)r max

1.5 21.0r 5 0.015A D , (5b)e r max

where re is effective density defined as the mass divided
by the volume of a circumscribed sphere. The relation
(5a), given by Heymsfield and Miloshevich (2003), was
derived based on surface measurement data for aggre-
gate planar crystals (Kajikawa 1982). The relation of
(5b) was derived by Heymsfield et al. (2002b) for ag-
gregates. Combining (5a) and (5b) makes re approxi-
mately proportional to , similar to the relation given21.6Dmax

by Magono and Nakamura (1965). The top and side
view of the images for Dmax 5 100-, 500-, 1000-, and
5000-mm type-A snowflakes are shown in Fig. 1b. A
more sophisticated mathematical expression of this type
of snowflakes was given by Wang (1997).

The type-B snowflake is a dendrite as shown in Fig.

1c (top view), similar to the dendrite used by O’Brien
and Goedecke (1988). As the particle size increases, the
area ratio Ar does not change. To determine the depth
of the dendrites, (5b) is used, which results in a nearly
constant value of ;70 mm for the depth of particles
with maximum dimension from 340 to 12 000 mm. The
difference between the two types of snowflakes is that
the ice volume is concentrated on six main branches in
type-A, while it spreads more uniformly in the basal
plane in type-B snowflakes.

c. DDA model results

In this study, the following radiative quantities are
defined and evaluated: the normalized absorption cross
section Cabs/p , where Cabs is the absorption cross sec-2reff

tion and reff is an ‘‘effective’’ radius of the ice/snow
particle defined so that the mass of the particle equals
(4/3)p r i(ri 5 0.916 g cm23 is the density of solid3reff

ice); the normalized scattering cross section Csca/p ,2reff

where Csca is the scattering cross section; the asymmetry
parameter g; and the normalized phase function P(Q),
where Q is the angle between incidence and emergence
waves. Note that, for solid spheres the normalized scat-
tering (absorption) cross section is the conventionally
called scattering (absorption) efficiency. As mentioned
earlier, all quantities are orientationally averaged as-
suming that particles are randomly orientated in space.
The Draine and Flatau DDA model is used for non-
spherical particles, while the Lorenz–Mie theory is used
for spheres of an ice–air mixture with the Maxwell–
Garnett mixing formula assuming that ice is the matrix
and air is the inclusion (Bohren and Battan 1982). We
first discuss the single scattering properties at 150 GHz
and at temperature of 2108C. The frequency and tem-
perature dependences are then discussed in later sec-
tions.

1) SINGLE SCATTERING PROPERTIES OF ROSETTES

In Fig. 2, we show the normalized cross sections and
asymmetry parameter at 150 GHz as a function of Dmax

for three- and six-bullet rosettes calculated using the
DDA model, as compared with those calculated using
Lorenz–Mie theory assuming either an equal-mass solid
sphere with a radius reff (hereafter referred to as a solid
sphere) or an equal-mass low-density sphere with a di-
ameter Dmax (hereafter referred to as a soft sphere). Note
that at a given Dmax, the normalized cross sections for
the solid sphere is the cross sections of a solid sphere
with a radius of reff normalized by p , not the cross2reff

sections of a solid sphere with a diameter of Dmax nor-
malized by p(Dmax/2)2. So, the comparisons in the figure
are among those particles with the same volume of ice
and their scattering and absorption cross sections are
normalized by p . Comparing among these figures, it2reff

is noticed that the single scattering parameters of the
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FIG. 2. Single scattering parameters for (a)–(c) three- and (d)–(f) six-bullet rosettes simulated by DDA model (long
dashed lines), and approximated by the solid spheres (solid lines) and the soft spheres (dotted lines).

three- and six-bullet rosettes are quite similar. So are
those of four- and five-bullet rosettes (not shown).

We observe the following characteristics from the fig-
ures, which serve as the basis for our parameterization
in the next sections. First, the normalized absorption
cross section is about two orders smaller than the nor-
malized scattering cross section manifesting the small
magnitude of the imaginary part of the dielectric con-
stant of ice. So, we may mainly concentrate on param-
eterization for scattering. Second, the values of the cross
sections from the DDA model fall between those of the
solid- and the soft-spheres calculated by Lorenz–Mie
theory. The differences among the three curves are small
for particles with Dmax smaller than 1500 mm, but in-
crease as the particle size becomes larger. Third, the
value of the asymmetry parameter is much closer to the
solid spheres’ than to the soft spheres’, particularly
when the ice particles are large. A closer look at the
angular distribution of the scattered energy is shown in
Fig. 3 by the phase functions for the six-bullet rosettes
with Dmax 5 750 mm and Dmax 5 2500 mm. The phase
functions for the solid and the soft spheres are also
shown in the figure for comparison. For Dmax 5 750
mm, the phase function from the DDA model falls be-
tween the solid and soft spheres’. For Dmax 5 2500 mm,
the DDA phase function is between the solid and soft

spheres’ for the directions of Q 5 0–908, but is slightly
larger than the other two at the directions of Q . 908.
However, scattering energy distributed in the backward
direction is much smaller than that in the forward di-
rection for the large particles.

2) SINGLE SCATTERING PROPERTIES OF

SNOWFLAKES

Similar to Figs. 2 and 3 for rosettes, we plotted
Cabs/p , Csca/p , g, and P(Q) at 150 GHz in Figs. 42 2r reff eff

and 5 for the two types of snowflakes as described in
section 2b(2). The maximum dimension Dmax is up to
10 000 mm in these plots. In Fig. 5, the phase functions
are for particles with maximum dimension of 1000 and
5000 mm for type A, and 936 and 4291 mm for type B
snowflakes. The general conclusions drawn from the
results for rosettes appear to also apply here to the snow-
flakes. That is, 1) Cabs/p is about two orders smaller2reff

than Csca/p ; 2) the values of Cabs/p and Csca/p2 2 2r r reff eff eff

calculated from the DDA model are between those of
the equal-mass solid and soft spheres’; and 3) g is closer
to that for solid spheres, and g calculated by the DDA
model is between those for the solid and soft spheres.
For small snowflakes (Dmax ; 1000 mm), the phase func-
tion from the DDA model is between the equal-mass
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FIG. 3. Phase functions for six-bullet rosettes with maximum di-
mensions of (a) 750 and (b) 2500 mm. Dashed lines are DDA model
results. Solid and dotted lines are, respectively, for the solid- and the
soft-sphere approximations.

solid and soft spheres. For large snowflakes (Dmax ;
5000 mm), the DDA phase function is between those of
the solid and soft spheres only in the directions with
small Qs.

3) TEMPERATURE DEPENDENCE

The complex refractive index of ice only weakly de-
pends on temperature at the microwave spectrum, par-
ticularly the real portion of the index. As a result, the
single scattering properties do not have significant tem-
perature dependence. Our calculations show that at 150
GHz the values of Csca for type-A snowflakes vary less
than 0.2% when the temperature decreases from 08 to
2208C, a difference smaller than the precision of the
DDA model itself. For the absorption cross section, the
relative difference is larger (;50%) due to the greater
relative change in the imaginary portion of the refractive
index. However, as mentioned earlier, Cabs is roughly
two orders smaller than Csca for the same ice particle;
our focus will be mainly on scattering in this study.

Therefore, we simply use temperature of 2108C for all
the calculations in the subsequent sections.

3. Approximation by equal-mass spheres

As shown in the previous section, the single scattering
parameters of the nonspherical particles fall between
those of the solid- and soft-spheres. Therefore, a
straightforward solution to simplify the calculation of
these parameters is to use the single scattering properties
of an equivalent sphere to represent those of a non-
spherical particle, so that Lorenz–Mie theory can be
employed. The equivalent sphere should have the same
mass as the nonspherical particle, and have an effective
density between the density of solid ice and that of the
soft-sphere. Let’s define a ‘‘softness parameter’’ SP as
follows:

D 2 D0SP 5 , (6)
D 2 Dmax 0

where D, D0, and Dmax are, respectively, the diameters
of the equivalent sphere, the solid sphere, and the soft
sphere (or the maximum dimension of the particle). That
is, SP 5 0 corresponds to the solid sphere and SP 5 1
corresponds to the soft sphere. Our task is then to find
the most appropriate value of SP, so that the equivalent
sphere with this SP has the closest single scattering
properties to those of the nonspherical particle. A dif-
ferent kind of spherical approximation was proposed by
Grenfell and Warren (1999), in which the volume-to-
surface-area ratio is preserved while representing one
nonspherical particle by multiple independent spheres.

a. Individual particles

In Fig. 6, we show the DDA model-calculated nor-
malized scattering cross sections, represented by thick
lines with solid circles, at 150 GHz for five-bullet ro-
settes, type-A snowflakes, and type-B snowflakes, along
with those calculated by the equivalent spheres with
various SPs. As particle size increases, the values of the
normalized scattering cross section increase for all of
the particles but with different rates. For five-bullet ro-
settes, the normalized scattering cross section calculated
by DDA varies similarly to the normalized scattering
cross section of an equivalent sphere with SP 5 0.25
; 0.3. For type-A snowflakes, the DDA derived nor-
malized scattering cross section follows the normalized
scattering cross section of an equivalent sphere with SP
5 0.2 And for type-B snowflakes, the normalized scat-
tering cross section of an equivalent sphere with SP 5
0.3 ; 0.4 appears to be a good approximation for the
DDA model calculated one. The values of SP of the
equivalent spheres that best fit the DDA-calculated nor-
malized scattering cross sections are calculated by min-
imizing the root-mean-squared differences and are
shown in Fig. 7. Also shown in this figure are the dif-
ferences between the normalized scattering cross sec-
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FIG. 4. Single scattering parameters for (a)–(c) type-A and (d)–(f) type-B snowflakes simulated by DDA model
(dashed lines), and approximated by the solid spheres (solid lines) and the soft spheres (dotted lines).

tions of the equal-mass spheres with SP 5 0 and SP 5
1 (denoted by DCsca/p ). For particles with Dmax small-2reff

er than 1000 mm, the normalized scattering cross sec-
tions calculated from all SPs are close to each other
(DCsca/p is small). So, we did not show the best-fit2reff

SP for these particles. As particle size increases, the
differences among the normalized scattering cross sec-
tions of the equivalent spheres with different SPs in-
crease, too. But the SP value with which the Csca/p 2reff

of an equivalent sphere best fits the DDA result becomes
less variable. This value is 0.2 ; 0.3 for rosettes, ;0.2
for type-A snowflakes, and 0.3 ; 0.4 for type-B snow-
flakes. The best-fit SP for type-A snowflakes is some-
what smaller than that for type-B snowflakes, reflecting
the difference in spatial mass distribution between the
sectorlike and the dendritelike snowflakes. Interestingly,
the values of the best-fit SPs for all the three ice shapes
are surprisingly similar, ranging from 0.2 to 0.4, except
for the particles with relatively small size (Dmax , 2000
mm).

Next, we compare the phase functions calculated by
the DDA model with those approximated by the equiv-
alent spheres using various SPs. We select the particle
sizes of 750 and 4000 mm for five-bullet rosettes, 1000
and 5000 mm for type-A snowflakes, and 936 and 6227
mm for type-B snowflakes. The results are shown in
Fig. 8. For smaller particles, the phase function calcu-
lated from the DDA model follows the pattern of an
equivalent sphere’s distribution. For example, the P(Q)
of 750-mm five-bullet rosette is very similar to the P(Q)

of an equivalent sphere with SP 5 0.5, the P(Q) of
1000-mm type-A snowflake resembles that of an equiv-
alent sphere with SP 5 0.25, and the P(Q) of the 936-
mm type-B snowflake has a similar phase function to
an equivalent sphere with SP 5 0.5. For large particles,
the angular distribution of the scattering departs from
the pattern of any equivalent sphere’s phase function.
At small scattering angles (Q , 108), the DDA P(Q)
is close to the P(Q) of an equivalent sphere with an SP
ranging from 0.2 to 0.4, depending on the particle shape.
As the scattering angle increases, the DDA P(Q) de-
creases in a faster rate than the P(Q) for equivalent
spheres calculated based on Lorenz–Mie theory. As an
alternative to fitting the phase function itself, in this
study we choose to find the best-fit SP values of the
asymmetry parameter, so that the phase function may
then be approximated by a known function such as the
Henyey–Greenstein phase function (Henyey and Green-
stein 1941). Similar to Fig. 7, Fig. 9 shows the best-fit
SPs values based on the asymmetry parameters, together
with the difference of the asymmetry parameters when
SP 5 0 and SP 5 1. An SP value of 0.2 to 0.4 is suitable
for particles with Dmax , 2000 mm, while the best-fit
SP rapidly decreases to 0 (i.e., that of the solid sphere)
as particle size increases.

b. Integration over a size distribution

Since ice particles with various sizes coexist in a cloud/
snowfall volume, the best-fit SP values to be used in the
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FIG. 5. Phase functions for (a), (b) type-A and (c), (d) type-B snowflakes. Dashed lines are DDA model results.
Solid and dotted lines are, respectively, for the solid- and soft-sphere approximations.

approximation by equivalent spheres may be evaluated
by taking into account the particles’ size distribution. For
this purpose, we use a gamma size distribution for ro-
settes and an exponential distribution for snowflakes. The
gamma size distribution can be written as N(Dmax) 5
N0G e , where N(Dmax) is the number of particlesm 2l DGDmax

with the maximum dimension Dmax. Heymsfield et al.
(2002a) parameterized the values of the intercept (N0G),
slope (lG), and dispersion (m) in terms of the ambient
temperature T and ice water content (IWC). We use T 5
2108C to derive these parameters. For snowflakes, we
use the exponential distribution, N(Dmelt) 5 N0se ,2l Ds melt

given by Sekhon and Srivastava (1970), where N0s and
ls are functions of snowfall rate (Rs), and Dmelt is the
diameter of a melted water drop. The volume scattering
coefficient ssca, and the volume averaged asymmetry pa-
rameter can be expressed byg

s 5 N(D)C (D) dD, and (7)sca E sca

1
g 5 N(D)C (D)g(D) dD. (8)E scassca

The best-fit SP values concerning ssca are shown in Fig.
10, when varying ice water content from 0.05 to 0.5

g m23 (for rosettes), and snowfall rate from 0.5 to 5
mm h21 (for snowflakes). For rosettes, the best-fit SPs
range from 0.25 to 0.4 with an average value of 0.33.
The best-fit SP is ;0.2 for type-A (sectorlike) snow-
flakes, and ;0.33 for type-B (dendritelike) snowflakes.
The averaged best-fit SP over all particle shapes con-
sidered here is ;1/3. The best-fit SP values concerning

are also investigated using the above size distributionsg
and are shown in Fig. 11. As discussed earlier, for large
particles, the DDA asymmetry parameter is close to that
of the solid sphere. Since large particles weight heavily
in the averaging [ref. (8)], the best-fit SPs are very close
to 0 for all the particle shapes considered here. There-
fore, in the case of 150 GHz, we may evaluate the av-
eraged asymmetry parameter using a solid sphere.

c. Frequency dependence

To study the frequency dependence of the scattering
properties, DDA modeling at two more frequencies,
85.5 and 220 GHz, is also carried out. Table 1 lists the
best-fit SPs at 85.5, 150, and 220 GHz, applying the
size distributions given in section 3b. As seen from Figs.
10 and 11, the best-fit SPs vary little with ice water
content or snowfall rate. Therefore, we only show the
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FIG. 6. Comparison of the DDA model-calculated normalized scat-
tering cross sections (thick lines with solid dots) with those of equiv-
alent spheres with various softness parameters for (a) five-bullet ro-
settes, (b) type-A snowflakes, and (c) type-B snowflakes.

FIG. 7. Best-fit SP values concerning the normalized scattering
cross sections Csco/p for (a) rosettes, (b) type-A snowflakes, and2reff

(c) type-B snowflakes. Also shown are the differences between
Csco/p values when assuming equivalent spheres with SP 5 0 and2reff

SP 5 1.

best-fits for ice water content of 0.2 g m23 or snowfall
rate of 2 mm h21. Clearly, there is a frequency depen-
dence of the best-fit SPs—a higher frequency corre-
sponds to a smaller value of the best-fit SP. Using the
best-fits derived by ssca, the averaged SPs at 85.5, 150,
and 220 GHz are 0.54, 0.34, 0.26 for rosettes, and 0.33,

0.27, and 0.22 for snowflakes. For best-fit SPs derived
by , SP 5 0 is suitable for frequencies higher than 150g
GHz, while it is found that SP 5 0.34 for rosettes and
SP 5 0.11 for snowflakes at 85.5 GHz.

4. Approximation by curve fitting

Another approach for the approximation is to param-
eterize the single scattering properties by expressing
them as a function of particle size, based on the results
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FIG. 8. Comparison of DDA model-calculated phase functions with those of equivalent spheres with
various softness parameters for (a) 750-mm five-bullet rosette, (b) 4000-mm rosette, (c) 1000-mm type-A
snowflake, (d) 5000-mm type-A snowflake, (e) 936-mm type-B snowflake, and (f ) 6227-mm type-B snow-
flake. For large particles (right), the insertions show the scattering angles ranging from 08 to 1808, while
the main figures show the scattering angles less than 608.
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FIG. 9. Best-fit SP values concerning asymmetry parameters for
(a) rosettes, (b) type-A snowflakes, and (c) type-B snowflakes. Also
shown are the differences between the asymmetry parameters when
assuming equivalent spheres with SP 5 0 and SP 5 1.

calculated by the DDA model. The parameterized prop-
erties can then be used in radiative transfer models. In
this study, we choose the following polynomial form
for the fitting functions:

3Csca n5 a x , (9a)O n2pr n51eff

3Cabs n5 b x , (9b)O n2pr n51eff

3

ng 5 c x , (9c)O n
n50

where x 5 2preff/l is the size parameter defined by the
effective radius of the ice particle, and an, bn, and cn

are coefficients of the fitting curves. We could not find
a suitable form to parameterize the phase function. Here,
we provide a parameterization of the asymmetry param-
eter as shown in (9c). In these fitting functions, we use
size parameter x as an independent variable. Recalling
that the relation between reff and the maximum dimen-
sion depends on particle shapes, the effective density
of the particles is implicitly included in these fitting
functions.

In this fitting, we combine DDA results for all three
frequencies: 85.5, 150, and 220 GHz. Figure 12 shows
the scatterplot of Csca/p , Cabs/p , and g versus x,2 2r reff eff

together with the fitting curves. The coefficients of the
fitting curves are listed in Table 2. For the normalized
scattering cross section, we use three fitting functions,
respectively, for rosettes, type-A snowflakes and type-
B snowflakes. For the normalized absorption cross sec-
tion, the spread of data points among different particle
shapes is relatively small; a single fitting curve is used
for all particle shapes. For the asymmetry parameter,
the spread between the two snowflake types is relatively
small; one fitting curve is used for both snowflake types.
Therefore, we provide one fitting curve for rosettes and
one for snowflakes. It must be cautioned that the poly-
nomial fit works only within the range of x used for the
regression, which is 0 to ;3 for rosettes and 0 to ;4
for snowflakes. Any extrapolation will result in a sig-
nificant error.

It is noticed that differences of the single scattering
properties among the various rosettes are significantly
smaller; this is also true of the difference of the single
scattering properties between the two types of snow-
flakes. This similarity may be partially due to the fact
that ice particles in this study are assumed to be ran-
domly orientated in space. The random orientation has
the effect that the single scattering properties are more
sensitive to the mass of the ice and less sensitive to the
texture of the particles.

5. Radiative transfer modeling

To demonstrate the usefulness of the approximation
methods presented in this study, we carry out radiative

transfer simulations for two cases: a tropical thick ice
cloud and a high-latitude snowfall. Both approximation
methods are implemented in a four-stream radiative
transfer model developed by Liu (1998), in which a
Henyey–Greenstein phase function is used. The best-fit
SPs values for ssca and listed in Table 1 are used ing
the equal-mass sphere approximation, and fitting curves
represented by (9) and Table 2 are used in the poly-
nomial fitting approximation.
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FIG. 10. Best-fit SP values concerning volume scattering coefficient
ssca. A gamma size distribution with slope and dispersion parameters
given by Heymsfield et al. (2002a) for temperature of 2108C is used
for the rosettes. The size distribution given by Sekhon and Srivastava
(1970) is used for snowflakes.

FIG. 11. Same as Fig. 10, except that the best-fit is for volume-
averaged asymmetry parameters.

TABLE 1. The best-fit values of SP for volume-averaged scattering coefficients and asymmetry parameters. An ice water content of
0.2 g m23 is used for rosettes and a snowfall rate of 2 mm h21 is used for snowflakes in the size distributions.

Frequency
(GHz)

Best-fit SP

Rosettes

Three-bullet Four-bullet Five-bullet Six-bullet Average

Snowflakes

Type-A Type-B Average

For volume-averaged scattering coefficients ssca

85.5
150
220

0.46
0.25
0.17

0.54
0.33
0.25

0.58
0.37
0.29

0.59
0.39
0.32

0.54
0.36
0.26

0.25
0.20
0.16

0.40
0.33
0.27

0.33
0.27
0.22

For volume-averaged asymmetry parameter g
85.5

150
220

0.27
0.03
0.00

0.33
0.03
0.00

0.36
0.02
0.00

0.38
0.02
0.00

0.34
0.03
0.00

0.11
0.01
0.02

0.12
0.04
0.04

0.12
0.03
0.03

In the tropical ice cloud case, we assume a tropical
standard atmosphere and an ice layer between 5 and 7
km over ocean. No liquid water cloud and rainfall are
included. The ice particle size distribution is based on
Heymsfield et al. (2002a). The calculated brightness
temperatures at 150 GHz for a viewing zenith angle of
538 are shown in Fig. 13, varying ice water path from
0 to 1800 g m22. The results based on the solid- and
the soft-sphere approximations are also shown for com-
parison. Since water vapor at the lower atmosphere in
the Tropics masks most of the radiation from the surface,
there is little difference between the vertically and hor-
izontally polarized brightness temperatures. Therefore,

only the vertical component is shown in this figure.
Brightness temperatures decrease as ice water path in-
creases. However, the rates of the decrease are signifi-
cantly different depending on how the single scattering
properties of the ice particles are calculated, with the
largest rate for the solid-sphere approximation, the
smallest rate for the soft-sphere approximation, and the
rates based on the two approximations presented in this
study are in between. The brightness temperatures based
on the equal-mass sphere approximation agree within 3
K with those based on the polynomial fit approximation.
So, the two proposed approximations yield similar ac-
curacy in calculating brightness temperatures. The solid-
sphere approximation causes significant underestima-
tion, while the soft-sphere approximation causes sig-
nificant overestimation of the brightness temperatures.
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FIG. 12. Curve fitting to (a) Csca/p , (b) Cabs/p , and (c) g for2 2r reff eff

rosettes and snowflakes. The symbols are results from the DDA mod-
el. The lines are fitting curves using (9a) to (9c) with coefficients
listed in Table 2.

For the snowfall case, an ocean surface with tem-
perature of 58C and a winter standard atmosphere at 458
latitude are used. The snow layer is assumed to be be-
tween surface and 5 km, with a constant snowfall rate
layer below 3 km and linearly decreasing profile above.
The snow consists of equally mixed type-A and type-
B snowflakes. No liquid water cloud is included. The
Sekhon and Srivastava (1970) size distribution is used
for the snowflakes. The modeled brightness tempera-
tures at 150 GHz are shown in Fig. 14 for a viewing
zenith angle of 538. It is seen that the solid- and the
soft-sphere approximations result in very different

brightness temperatures, even a different trend for the
horizontally polarized brightness temperatures. The
brightness temperatures calculated using the two ap-
proximations proposed in this study, agreeing with each
other within 2K, are between those calculated by using
the solid- and the soft-sphere approximations.

The findings from the above two cases are consistent
with the results of the DDA modeling performed in
section 2. That is, the solid-sphere approximation results
in a too strong scattering, while the soft-sphere ap-
proximation causes the scattering intensity to be too
weak. Consequently, neither of them can produce rea-
sonable brightness temperatures at the high microwave
frequencies. Additionally, the asymmetry parameter
also plays a role in determining the modeled brightness
temperatures. However, it is not clear how much the
newly developed approximation for asymmetry param-
eter increases (decreases) the brightness temperatures
relative to those of solid spheres (soft spheres). In con-
clusion, the approximations developed in this study are
very useful for modeling high-frequency microwave ra-
diances with a reasonable accuracy while keeping the
computations efficient.

6. Conclusions

As high-frequency microwave data from satellite and
airborne observations became available for retrieving
ice water path and snowfall rate, there are increasing
demands for a better method to calculate the compli-
cated scattering properties of nonspherical ice and snow
particles for these frequencies. This study proposes two
approximation methods based on DDA modeling re-
sults. In designing the particle shapes in the DDA cal-
culations, we take advantage of the recently published
results on the relations among particle area ratio, den-
sity, and maximum dimension, which were derived from
in situ measurements during many field experiments.
The strategy of the approximations is to develop a meth-
od that is accurate while still having good computational
efficiency.

Due to their complexity in shape and orientation, in
many physical retrieval algorithms, ice and snow par-
ticles have so far been treated as equal-mass spheres of
either solid ice (solid spheres) or a mixture of ice and
air with a diameter equaling the particle’s maximum
dimension (soft spheres). The DDA modeling results of
the present study indicated that neither of the two is a
good approximation for the frequency range of 85 to
220 GHz. By analyzing the DDA model results, it is
noticed that the scattering and absorption cross sections
and the asymmetry parameter of the nonspherical par-
ticles have magnitudes between those of the imaginary
equal-mass solid and soft sphere for the frequency range
considered in this study. Therefore, our first parame-
terization is to approximate the single scattering prop-
erties of a nonspherical particle by an equal-mass
sphere’s. The diameter of this equal-mass sphere D is
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TABLE 2. Coefficients for Csca/pr , Cabs/pr , and g in (9a) to (9c).2 2
eff eff

CSCO/pr2
eff a1 a2 a3

Rosettes
x # 2.2
x . 2.2

20.36379E201
20.60643E100

0.11716E100
0.10934E101

0.18637E100
20.14630E100

Type-A snowflakes
x # 1.4
x . 1.4

20.36379E201
20.16220E100

0.11716E100
0.56253E100

0.18637E100
20.66369E201

Type-B snowflakes
x # 0.5
x . 0.5

20.36379E201
20.96948E202

0.11716E100
0.15898E100

0.18637E100
0.10780E201

Cabs/pr2
eff b1 b2 b3

0.74460E202 0.10607E201 20.14505E202

g c0 c1 c2 c3

Rosettes
x # 1.0
x . 1.0

0.0
0.30617E100

20.77361E201
0.19795E201

0.59902E100
0.29307E201

20.18825E202
20.29968E203

Snowflakes
x # 1.0
x . 1.0

0.0
0.42725E100

20.77361E201
0.62429E201

0.59902E100
0.28416E201

20.18825E202
20.42245E202

FIG. 13. Vertically polarized brightness temperatures simulated by
a radiative transfer model for an ice cloud case. The two approxi-
mations proposed in this study are compared with the solid- and the
soft-sphere approximations.

bigger than the diameter of the solid sphere D0, but
smaller than the particle’s maximum dimension Dmax.
Defining a softness parameter, SP 5 (D 2 D0)/(Dmax 2
D0), it is found that the best-fit equal-mass sphere has
an SP value of 0.2 ; 0.5 for scattering coefficient, de-
pending on frequency and particle shape. At 150 GHz,
the best softness parameter is ;1/3 when averaging over
all particle shapes. For the asymmetry parameter, SP 5
0 is found to be a good approximation for frequencies
higher than 150 GHz, while SP 5 0.3 for rosettes and
SP 5 0.1 for snowflakes are suitable for 85.5 GHz. A
list of the best-fit softness parameters for three different

frequencies and six different particle shapes are given
in Table 1.

The second approximation is a polynomial fit to the
scattering and absorption cross sections and the asym-
metry parameter as a function of the particle size pa-
rameter defined by the effective radius and wavelength.
For scattering, three fitting curves are derived, respec-
tively, for rosettes, type-A snowflakes, and type-B
snowflakes. For the absorption, a single curve is used
to fit all particle shapes. For the asymmetry parameter,
two fitting curves are used for rosettes and snowflakes,
respectively. The coefficients of these fitting curves are
listed in Table 2. The applicable ranges of these fitting
curves are for frequencies from 85 to 220 GHz, and for
size parameter less than 3 for rosettes and less than 4
for snowflakes.

Radiative transfer modeling is conducted using the
proposed approximations for an ice cloud case and a
snowfall case. The results show that the brightness tem-
peratures based on the two proposed approximations
agree with each other within 3 K, while they are largely
different from those based on the solid- and the soft-
sphere approximations. The soft-sphere approximation
overestimates while the solid-sphere approximation un-
derestimates the upwelling brightness temperatures.

This study emphasizes the scattering by large ice ag-
gregates and snowflakes, to which the high-frequency
microwave radiations have sufficient sensitivity. We as-
sumed that there is no preferential orientation for these
particles. Scattering from particles parallel to the hori-
zontal plane was studied by Tang and Aydin (1995).
However, to the author’s knowledge, there is no obser-
vational evidence that large aggregates and snowflakes
have a preferential orientation. To detect thin ice clouds
with smaller ice crystals, observations at short wave-
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FIG. 14. (a) Vertically and (b) horizontally polarized brightness
temperatures simulated by a radiative transfer model for a snowfall
case. The two approximations proposed in this study are compared
with the solid- and the soft-sphere approximations.

lengths, for example, submillimeter waves (Evans et al.
2002), far-infrared (Yang et al. 2003), or visible/infrared
(Liou et al. 1990; Minnis et al. 1993) are more pref-
erable. The high microwave frequencies investigated in
this study are suitable for thick ice cloud decks and solid
precipitations.
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